A realistic model for the potential energy for the diffusion of N-H vectors in a protein is proposed, massively modifying the simplistic models currently used in the literature. In particular, a quantitative and analytical connection between the order parameter of the N-H vector diffusion in a protein and the number of potential minima is established, offering a significant insight into the longstanding question of how protein dynamics is affected by the potential-energy landscape. The largest number of potential minima in a protein is estimated to be no more than around 25. In addition, the conformational entropies derived from classical statistical mechanics and quantum statistical mechanics are proved to be identical. Based on the presented theoretical formula, the number of potential minima for each residue of five representative proteins is evaluated and shows a good correlation between local structural flexibility and the number of potential minima. Protein dynamics has been shown to play a crucial role in many biological processes.
A realistic model for the potential energy for the diffusion of N-H vectors in a protein is proposed, massively modifying the simplistic models currently used in the literature. In particular, a quantitative and analytical connection between the order parameter of the N-H vector diffusion in a protein and the number of potential minima is established, offering a significant insight into the longstanding question of how protein dynamics is affected by the potential-energy landscape. The largest number of potential minima in a protein is estimated to be no more than around 25. In addition, the conformational entropies derived from classical statistical mechanics and quantum statistical mechanics are proved to be identical. Based on the presented theoretical formula, the number of potential minima for each residue of five representative proteins is evaluated and shows a good correlation between local structural flexibility and the number of potential minima. Protein dynamics has been shown to play a crucial role in many biological processes. 1 NMR is a powerful tool for revealing the details of protein dynamics with the measurement of relaxation rates of polarizations and zero-, single-, and/or multiquantum coherences. 1 Particularly, based on the model-free approach of Lipari and Szabo, 2,3 two characteristic correlation times and order parameters can be obtained on a residue-by-residue basis. More recently, a relationship between the conformational entropy S p , related to the motion of the N-H director, and the order parameter S SL , has been established by Yang and Kay 4 based on statistical mechanics and the model-free approach:
where A is a model-dependent constant.
Later on we will refer to Eq. ͑1͒ as the Lipari-SzaboYang-Kay ͑LSYK͒ equation. This equation is a remarkable result in several aspects: ͑1͒ It reveals a concise and elegant relationship between two important parameters involved in the dynamics of proteins and perhaps other biomacromolecules. Although a direct relationship between S p and S SL had been anticipated, it was a surprise to see such an exquisite equation appear. ͑2͒ It offers a simple but powerful tool for studying folding-unfolding, or change of order parameter induced by the change of temperature or other parameters. ͑3͒ It shows good universality with model-free results for nine models that have been tested: and ͑4͒ it simulates further studies on the other aspects of protein dynamics such as the local potential-energy landscapes in various regions of a protein.
Although the universality of the equation seems not to require the details of the potential-energy landscape, a more attainable model should be pursued and more information may be extracted therefore. Indeed, the potential models used by the authors 4,5 may be improved to better reflect physical reality for the N-H vector motion in proteins, the potential being unlikely a harmonic oscillator or restricted potential well as given in Refs. 4 and 5. It is the conviction of this author that with a more realistic model of potential, the LSYK equation may offer more insights into protein dynamics than hitherto revealed. Therefore, this work attempts to present such a model, with which some interesting results have been obtained. The diffusion of an N-H vector in the internal coordinate system, defined by the mean N-H vector as its z axis, is well approximated as axially symmetrical, thus we propose the following periodical potential model:
For a given N-H vector, the change of is rather small. Therefore, the pictorial representation of the model is shown in Fig. 1 . At this point, it should be mentioned that although the potential model given in Eq. ͑2͒ represents an extension of the previous models, it is still rather approximate and more general potential models should contain multiple cosi- nusoidal terms of with different multiplicities. A similar model with two cosinusoidal terms has been used for methylgroup rotation 6 for f͑͒ = const. Classical solution gives the following conformational partition function:
Because the change of is very small, we may make an approximation that that the term f͑͒ in the exponential function takes a constant: f͑͒ = f͑ 0 ͒ where 0 can be defined as the time average of the torsional angle , 0
where J 0 ͑B͒ is the zeroth-order Bessel function. The conformational entropy can be calculated as follows:
and the full partition function is given by
The total entropy calculated from classical ͑CL͒ mechanics is
The quantum-mechanical ͑QM͒ solution of the part of the potential described by Eq. ͑2͒ can be found according to previously published theoretical approaches, [7] [8] [9] [10] 
where c is the circumference of the circle drawn by the endpoint of the N-H vector during diffusion and ␤͑k͒ is the generalized wave vector. The exact solution is not available for this problem, but fortunately we do not have to have it as long as we know that the eigenenergy is continuous in each band. In this case, the contribution to the partition function from the kinetic part can be well approximated with the classical result. The potential-energy contribution is the same as the integral of Eq. ͑5͒. Therefore, we have
where we denote z k as the kinetic contribution to the total partition function, which depends on the details of the wave vector ␤͑k͒. Equation ͑8͒ means that the contribution of the potential energy to the partition function is the same from quantum-mechanical treatment as that from classical treatment. Therefore we have
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Clearly, both the order parameter and A depend sensitively on the model and temperature. If we notice that at around room temperature, U 0 Ͻ ϳ 10k B T, we may have the following expansion:
Equation ͑11͒ enables one to estimate the magnitude of the potential ͑the depth of a potential well͒. They also imply that with the increase of temperature, the order parameter decreases and entropy increases, in agreement with experiments. It may be interesting to consider an interesting limit of Eq. ͑2͒,
where n is the number of potential minima around a cycle of N-H rotation. The physical picture for this potential is the N-H vector hops in n sites with equal residence probability. The total entropy can be readily obtained as
for classical approach and
for quantum-mechanical approach. Again, the CL and QM difference is minimal. Particularly, the conformational entropies for both QM and CL are the same,
which, according to the Boltzmann equation, has an interesting interpretation: The number of hopping sites is equal to the number of microstates.
Combining above equation with LSYK equation, we have
A .
͑18͒
Equation ͑18͒, plotted as in Fig. 2 , implies that one can count the number of potential minima from S SL . The larger the entropy, the smaller the number of potential minima. The constraint condition −1 / 8 Ͻ S Ͻ 1 yields
where the minimal n occurs for S = 1 and maximal n for S =−1/8. With A ϳ 1 for various models tested, 4 we have
This means the number of hopping sites of the N-H vector is smaller than around 25, depending on the value of the order parameter, whereas the previously used 4 harmonic potential or single-well potential models show no or a single minimum independent of the value of the order parameter. This result is worth further exploration even though at present it is unclear whether it is possible to verify this limit from quantummechanical calculation or other means. Another interesting question is what would happen when this model is applied to C-H vectors or other regions of a protein. Experimental and theoretical works regarding these questions and others are underway. In addition, the relationship between potential and local structures is being examined.
Listed in Table I are the estimated numbers of potential minima of a number of representative proteins based on the order parameters from previous relaxation measurements, [11] [12] [13] [14] [15] taking A = 0.5. The numbers are found to be in the range from 0 to 7. It is interesting to notice that the flexible regions correspond to more minima. Maybe that is the reason why they are flexible. A better approach to obtaining more 074902-5precise value of A is certainly worthwhile, but the main point that the conformational entropy is related to the number of potential minima should always hold true.
In summary, this model is more realistic in the following aspects: ͑1͒ Motion around a fixed axis usually means symmetry in potential. This model reflects this fact. ͑2͒ CL and QM results are closer or the difference is more uniform over the entire range of S LS 2 , so the value of S p thus obtained are more reliable when interpreted in terms of order parameter ͑particularly so when S LS → 1͒. ͑3͒ Some interesting details of the potential can be extracted, e.g., the potential should be treated individually for each residue while the residue with the same order parameter may have the same potential ͑at least same number of potential minima͒. ͑4͒ With a more realistic potential model, the LSYK equation offers more information on biomacromolecular dynamics than previously expected. ͑5͒ The result ͓Eq. ͑18͔͒ should be applicable to other directors in proteins such as C a -H system.
